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A CONSTRUCTION FOR LOCALLY FREE SHEAVES 
G. HORROCKS 
(Receiued 30 October 1967) 
LET P be a three dimensional projective space over an infinite field (in the sense of schemes). 
Schwarzenberger [3, p. 1661 has shown that the Chern classes ci, c2 of algebraic (or even 
topological) plane bundles on P satisfy clcZ = 0 mod 2. Here it is shown that this condition 
is sufficient for cl, c2 to be the Chern classes of an irreducible algebraic plane bundle on P. 
It seems possible that similar results might be obtained for projective space over the integers 
by a refinement of Lemma B. 
Let X be a regular locally noetherian prescheme, 0 be its structure sheaf, and B be 
a locally free O-sheaf such that H’(X, 2) = H’(X, 3) = 0. 
LEMMA A. Let 
be an exact sequence of O-sheaves such that Supp W (the support of B?) has codimension at 
least 2. Then: (i) the canonical homomorphism 
q : Ext&%-, U) + H’(X, s&(%.x, 9)) 
is an isomorphism; (ii) the connecting homomorphism 
5 : szct@-, 8) + smtg%?, 2) 
is an isomorphism. 
Proof. (i) The spectral sequence for Ext (z?, _Y) [ 1, p. 1881 gives an exact sequence 
H’(X, &‘~&4?, 9)) + Extr(Y, 5?) + H’(X, b&Z, 2)) + H’(X, &‘,,Qf?, 2 )). 
It is sufficient o show that the first and last terms of this exact sequence vanish. 
Since X is regular, Supp W has codimension at least 2, and B is locally free, it follows 
that .%‘um(W, 2) = 0 and b&i@?, 2) = 0, [2, Ch. IV, $16.4, $171. So &‘om(_%, U) r Y, 
and the vanishing of the end terms of the exact sequence is proved. 
(ii) This follows at once from the vanishing of B&(0, Z’) (i = 1,2). 
Write !Ul for the class of homomorphisms 4 : F + 0 of &sheaves such that .F is 
locally free, Ker 4 r 4p, and Coker 4 has support of codimension at least 2. 
THEOREM 1. Let &, & be members of %I such that Coker 4i, Coker & have disjoint 
supports. Then there exists 4 : 9 + 0 in %R such that Coker 4 = Coker & Q Coker &. 
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ProoJ Write xi for Im #Jo, 9ti for Coker 4i. Since %?,, 99Z have disjoint supports there 
is an exact sequence 
O+XlnXX,+O+W,@W,-,O, 
So from Lemma A there is an isomorphism 
51 : Ext’(xX, n X2, 9) z Ho@, b~tf*(W~ 0 B?*, W)). 
The exact sequences for Rr, W2 similarly give isomorphisms 
51 : EXt’(~i) U) r HO(X, d~7t2(~i) ~)) (i = 1, 2). 
Thus there is a direct sum decomposition 
Ext’(3?i n X2, 9) = Ext’(xt, 9) @ Ext’(x2, 9). 
Let f, be the class of 0 ~~~-,i-,~i-,O. Put f=fi@fi, and let 0+8-+9 
+ .%I n X2 + 0 be an exact sequence representing f. Define 4 : 9 -+ 0 to be the composi- 
tion of 9 + x1 n X2 and x1 n S2 + 0. Then Ker 4 g 9, and Coker 4 has support 
Supp 9, 8 WZ of codimension at least 2. So to complete the proof we need to show only 
that 9 is locally free. 
On X\Supp W, the homomorphism qf2 vanishes. So qf = qfl on X\Supp W2, and 
hence 9, .F1 are locally isomorphic on this set. Similarly F, F2 are locally isomorphic 
on X\Supp W1. So 9 is locally free on the whole of X. 
Write K(X) for the Grothendieck group of coherent sheaves on X and [&I for the 
image of a coherent sheaf d in K(X). The exact sequences 
O-t8~~i~O~Wi~0 (i = 1, 2), 
0-+~-+9-+04~,Q9*+0 
(of Theorem 1) show that 
(1.1) WI = [PII + [921- f-w - PI. 
Suppose now that H’(X, 0) = 0, that X is a complete connected variety over a field k, 
and that WI, 9, are both non-zero. Then the same exact sequences (together with the 
vanishing of H’(X, 8), H*(X, 9)) show that 
H’(X, 9i) = Coker (HO(X, 0) + H”(X, a,)), 
and 
H’(X, 9) = Coker (H’(X, 0) + H”(X, W1 0 9,)). 
Since X is connected and complete H”(X, 0) = k, and since gl, W2 are non-zero the above 
mappings are injections. So it follows that 
(1.2) dim,H’(X, fl) = dim,H’(X, fll) + dim, H’(X, F2) + 1. 
Take now X to be P, and 9 to be the locally free sheaf 0(-p) of rank 1 where 
p 2 2 (for the definition of O( -p) and its cohomological properties see [2, Ch. II, 2.5.10, 
Ch. III, 2.1.121). Let %R+ consist of the members 4 of 93 such that Coker 4 # 0. 
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LEMMA B. Let m, n be integers such that m + n = p, m, n > 0, and C be a curve in P. Then 
there exists a homomorphism 
$:0(-m) 0 O(-n)-t0 
in ‘32’ such that Coker 4 is disjoint from C. 
Proof. Choose x, y in ZI’(P, O(1)) so that the line x = y = 0 does not meet C (this is 
possible since the ground field is infinite). Define 4 by 4(z 8 z’) = X”‘Z + y”z’. Coker 4 has 
support x = y = 0, and Ker 4 = 0(-m - n). So the lemma is proved. 
Denote the Chern class of a coherent sheaf d on P by c(d), and denote the positive 
generator of the Chow ring of P by h. 
THEOREM 2. Let p 2 2 be an integer, and let m,, . . . , m, be integers such that 0 < m, < p. 
Then there exists a locally free sheaf9 of rank 2 on P such that 
c(F) = 1 -ph +i mi(p - mj)h2, 
i=l 
and 
dim H’(P, %) = r - 1. 
Proof. We prove by induction on r that there is a homomorphism 4 : 9 + 0 in ‘$R+ 
such that % has the required properties. 
When r = 1 the existence of 4 follows from Lemma B. For then % is O(-ml) @ 
@(ml -p), the Chern class c(%) is (1 - ml h)(l - (p - m,)h), and H’(P, %) is zero. 
Suppose now that there is a homomorphism & : 9, + 0 in !I+R’ having the required 
properties for ml, . . . , m,_,. By Lemma B there exists 42 : O( - m,) @ S(m, - p) + 0 in 2.?2+ 
such that Coker +r and Coker $2 have disjoint supports, and applying Theorem 1, (1.1) 
and (1.2) shows that there exists 4 : % --+ 0 in 1)32+ such that 
[%I = PII + [@X-m,) @ oh - P)I - PC---PII - PI, 
dim H’(P, %) = dim H’(P, %J + 1. 
The first equation gives 
c(%) = c(%r)(l - m, h)(l + (m, -p)h)(l - ph)-’ 
= 1 - ph + i mi(p - mJh2, 
i=l 
and the second equation gives 
dim H’(P, S) = r - 1. 
Let q(&)h, c,(&)h’ be the Chern classes of a locally free sheaf d of rank 2, and define 
its discriminant A(&) [4, p. 6371 by 
A(&) = c,(d)2 - 4C,(&. 
The discriminant has the property that A(&) = A(&(n)). 
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For the sheaf 9 constructed in Theorem 2 we have 
c1W) = -P 
A(g) = P2 - dig mi(P - mt), 
and we need the following lemma about the values of A(9) (p, mi being subject to the 
conditions 0 < mi < p imposed in Theorem 2). 
LEMMA C. (i) Let n be a multiple of 4. There exists an even integer p and integers 
ml,...,m,(O<mi<p,r>2)s~chthatA(.F)=n. 
(ii) Let n be a multiple of 8. There exists an odd integer p and integers m,, . . . , m, 
(O<m,<p,r~2)suchthatA(~)=n+l. 
The proof is straightforward. 
THEOREM 3. Let a,, a2 be integers such that a, a, is even. Then there exists a locally free 
sheaf of rank 2, irreducible as a locally free sheaf, and with Chern classes a,h, a, h2. 
Proof. Suppose a, is even. Then 4 divides a4 - 4a,. So by Lemma C there exists a 
locally free sheaf 9 of rank 2 with A(9) = a: - 4a,, and dim H’(P, F) = r - 1 2 1. 
From [4, p. 6231 the ‘reducible’ sheaves are isomorphic to sheaves O(m) @ O(n) and for 
these H1 vanishes. So 9 is irreducible. 
Take n = a, - q(F). Then A(F(n)) is a: - 4a,, and q(9+)) is a,. So 9(n) has 
Chern classes a,h, a, h2. Since F is irreducible, 9(n) is irreducible. 
Suppose a, is odd. Then a2 is even and 8 divides al - 4a, - 1. As before we obtain 
from Lemma C an irreducible locally free sheaf of rank 2 with Chern classes a,h, a, h2. 
REFERENCES 
1. A. GROTHENDIECK: Sur quelques points d’algkbre homologique, Tohoku math. J. 9 (1957), 119-221. 
2. A. GROTHENDIECK with J. DIELJDONNB: J?lements de gtometrie algebrique, Ch. I-IV, Publs math. Inst. 
ht. l&d. Scient. Nos. 8, 11, 20 (1961, 1961, 1964). 
3. F. HIRZEBRUCH: Topological Methods in Algebraic Geometry, Springer-Verlag, Berlin, 1966. 
4. R. L. E. SCHWARZENBERGER: Vector bundles on the projective plane, Proc. Land. math. Sot. 11 (1961), 
62340. 
School of Mathematics 
The University 
Newcastle upon Tyne 
